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a b s t r a c t
A finite convexity space is a pair (V ,C) consisting of a finite set V and a set C of subsets
of V such that ∅ ∈ C, V ∈ C, and C is closed under intersection. A graph G with vertex
set V and a set P of paths of G naturally define a convexity space (V ,C(P )) where C(P )
contains all subsets C of V such that whenever C contains the endvertices of some path P
in P , then C contains all vertices of P .
We prove that for a finite convexity space (V ,C) and a graph Gwith vertex set V , there
is a set P of paths of Gwith C = C(P ) if and only if
• every set S which is not convex with respect to C contains two distinct vertices whose
convex hull with respect to C is not contained in S and
• for every two elements x and z of V and every element y distinct from x and z of the
convex hull of {x, z}with respect to C, the subgraph of G induced by the convex hull of
{x, z}with respect to C contains a path between x and z with y as an internal vertex.
Furthermore, we prove that the corresponding algorithmic problem can be solved
efficiently.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
In the present paper we study finite convexity spaces induced by sets of paths in graphs.
Throughout the rest of the paper let V be a finite set.
A convexity space [9] is a pair (V ,C) consisting of a ground set V and a set C of subsets of V satisfying
(C1) ∅ ∈ C, V ∈ C and
(C2) ∀C1, C2 ∈ C : C1 ∩ C2 ∈ C.
The elements of C are called C-convex sets.
For a simple and undirected graph G with vertex set V , every set P of paths of G defines a convexity space (V ,C(P ))
where a set C of vertices of G belongs to C(P ) if and only if for every path P in P such that C contains the two endvertices
of P , the set C contains all vertices of P .
There are several well-studied examples of convexity spaces defined in this way by special sets P of paths in an
underlying graph G [3,8]. Two prominent examples are the geodetic convexity whereP contains all shortest paths of G [11]
and themonophonic convexitywhereP contains all induced paths ofG [5–7,10]. Further examples use the set of all paths [1]
and the set of all triangle paths [2,4].
Our results are an axiomatic characterization of convexity spaces induced by sets of paths in graphs and the description
of efficient algorithms solving the corresponding algorithmical problems.
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2. Results
Our first result is the axiomatic characterization.
For a convexity space (V ,C), the C-convex hull HC(S) of some subset S of V is the intersection of all sets in C containing
S. By (C1) and (C2), the set HC(S) is the smallest set in C containing S. For a graph G with vertex set V and three vertices x,
y, and z in G, a path P in Gwhose endvertices are x and z and which contains y as an internal vertex is called a x–y–z-path in
G. For a set U of vertices of G, the subgraph of G induced by U is denoted by G[U].
Lemma 1. Let G be a graph and let P0, P1, . . . , Pl be a sequence of paths of length at least 1 in G such that
(i) P0 has the endvertices x and z,
(ii) for 1 ≤ i ≤ l, the path Pi and the graph Gi−1 := P0 ∪ P1 ∪ · · · ∪ Pi−1 have exactly the endvertices of Pi in common.
For every two vertices u and v of Gl = P0 ∪ P1 ∪ · · · ∪ Pl, the graph Gl contains two paths P and Q between {x, z} and {u, v}
such that, if u ≠ v, then P and Q are vertex-disjoint and, if u = v, then P and Q share exactly u.
Proof. We prove the statement by induction on l.
For l = 0, the graph Gl equals the path P0 and the statement is obvious.
Now let l ≥ 1. Denote the endvertices of Pl by x′ and z ′. If u and v belong to Gl−1, then the statement follows immediately
by induction. If u and v belong to Pl, then, since x and z as well as x′ and z ′ are distinct, by induction, Gl−1 contains two
vertex-disjoint paths P ′ and Q ′ between {x, z} and {x′, z ′}. Furthermore, Pl contains two paths P ′′ and Q ′′ between {x′, z ′}
and {u, v} such that, if u ≠ v, then P ′′ and Q ′′ are vertex-disjoint and, if u = v, then P ′′ and Q ′′ share exactly u. Suitably
combining these four paths, we obtain the desired two paths between {x, z} and {u, v}.
The remaining cases can be settled by a similar argument and are left to the reader. 
Lemma 2. Let G be a graph and let P be a set of paths in G. For every two distinct vertices x and z of G such that HC(P )({x, z}) ≠
{x, z}, there is a sequence P0, P1, . . . , Pl of paths in G such that (i) and (ii) from Lemma 1 are satisfied and HC(P )({x, z}) is the
vertex set of Gl = P0 ∪ P1 ∪ · · · ∪ Pl.
Proof. By the definition of C(P ), the C(P )-convex hull of {x, z} can be constructed by the following procedure.
C ← {x, z};
while there is a path P in P whose endvertices belong to C but whose vertex set is not contained in C do
C ← C ∪ V (P);
end
Algorithm 1: C(P )-convex hull of {x, z}
Clearly, the set C maintained by the above procedure is always a subset of the C(P )-convex hull of {x, z}. The finiteness
of V implies that the procedure terminates and hence produces the smallest C(P )-convex set containing {x, z}.
In the first iteration of thewhile-loop, the procedure adds to C the vertices of a path P0 whose endvertices are x and z.
Now we consider the ith iteration of the while-loop for any i ≥ 2. By an inductive argument, we may assume that
P0, P1, . . . , Pj is a sequence of paths in G such that (i) and (ii) from Lemma 1 are satisfied and the vertex set of P0∪P1∪· · ·∪Pj
equals the set C just before the execution of the ith iteration of the while-loop. The procedure adds to C the vertices of
a path P in P whose endvertices belong to C but whose vertex set is not contained in C . The path P decomposes into
maximal subpath(s) Pj+1, Pj+2, . . . , Pj+k whose endvertices belong to C and whose internal vertices do not belong to C .
Now P0, P1, . . . , Pj+k is a sequence of paths in G such that (i) and (ii) from Lemma 1 are satisfied and the vertex set of
P0 ∪ P1 ∪ · · · ∪ Pj+k equals the set C just after the execution of the ith iteration of thewhile-loop.
This completes the proof. 
Theorem 3. Let (V ,C) be a convexity space and G be a graph with vertex set V . There is a set P of paths in G with C = C(P )
if and only if
(P1) ∀S ⊆ V : S ∉ C ⇒ (∃x, z ∈ S : (x ≠ z) ∧ (HC({x, z}) ⊈ S)) and
(P2) ∀x, z ∈ V : ∀y ∈ HC({x, z}) \ {x, z} : G[HC({x, z})] contains an x–y–z-path.
Proof. First we assume the existence of a set P of paths in Gwith C = C(P ).
If a set S of vertices is not C-convex, then, by the definition of C(P ), there is some path P in P whose endvertices, say x
and z, belong to S but which contains a vertex, say y, that does not belong to S. By definition, y ∈ HC({x, z}), which implies
that HC({x, z}) ⊈ S. This implies that (V ,C) satisfies (P1).
Now let x and z be in V and let y be inHC({x, z})\{x, z}. By Lemmas 1 and 2—choosing u = v = y, there is a path between
x and y and a path between z and y that share exactly y and whose vertex sets are contained in HC({x, z}). Concatenating
these two paths yields an x− y− z-path in G[HC({x, z})]. This implies that (V ,C) satisfies (P2).
Next we assume that (V ,C) satisfies (P1) and (P2). Let P be the set of all paths P in G such that for every C ∈ C that
contains the endvertices of P , the set C contains all vertices of P .
If C belongs to C, then the definition of P trivially implies that C ∈ C(P ), i.e. C ⊆ C(P ).
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If S does not belong to C, then, by (P1), there are two distinct elements x and z of S whose C-convex hull HC({x, z}) is
not contained in S. Let y ∈ HC({x, z}) \ S. By (P2), the graph G[HC({x, z})] contains an x − y − z-path P . Since HC({x, z}) is
a subset of every C-convex set containing x and z, the definition of P implies that P belongs to P . This implies that S does
not belong to C(P ), i.e. C(P ) ⊆ C.
Altogether, we obtain C = C(P ), which completes the proof. 
Corollary 4. Let (V ,C) be a convexity space. There is a graph G with vertex set V and a set P of paths in G with C = C(P ) if
and only if (P1) is satisfied.
Proof. Note that (P1) implies that all sets of cardinality 1 are C-convex. This implies that (P2) is trivially satisfied for the
complete graph with vertex set V . Now the desired statement follows from Theorem 3. 
Theorem 3 does not immediately lead to an efficient algorithm for solving the following problem.
Path Convexity of a Graph
Instance: A convexity space (V ,C) and a graph Gwith vertex set V .
Task: Decide the existence of a set P of paths of Gwith C = C(P ) and construct P if it exists.
Given an instance (V ,C) and G of Path Convexity of a Graph, property (P2) from Theorem 3 can be checked efficiently: For
all polynomially many pairs x and z of distinct vertices, the C-convex hull can be determined in time polynomially bounded
in |V | and |C|, and for every vertex y in HC({x, z}) \ {x, z}, the existence of an x− y− z-path in G[HC({x, z})] can be decided
efficiently by using algorithms for the 2-disjoint path problem [12–14].
In order to check property (P1) from Theorem 3 for the instance (V ,C) and G of Path Convexity of a Graph it seems
necessary to consider all sets that are not C-convex, which potentially leads to an exponential running time. In the proof of
the following theorem, we will show that it is not necessary to consider all these sets.
Theorem 5. Path Convexity of a Graph can be solved in polynomial time.
Proof. Let (V ,C) and G be an instance of Path Convexity of a Graph. As noted above, the C-convex hull of a set of vertices
of G can be determined in time polynomially bounded in |V | and |C|.
For all triples (x, y, z) such that x and z are distinct vertices of G and y is in HC({x, z}) \ {x, z}, we efficiently determine a
path P(x,y,z) in G[HC({x, z})] using algorithms for the 2-disjoint path problem [12–14]. If for some triple we fail to find such
a path, then (V ,C) does not satisfy property (P2) and, by Theorem 3, there is no set P of paths in Gwith C = C(P ). Hence
we may assume that we succeed in finding such a path for every considered triple. Let P denote the set of all these paths.
Note that |P | = O(|V |3).
Since the vertex set of every x−y−z-path P inP belongs toHC({x, z}), everyC-convex set C that contains the endvertices
x and z of the path P must contain all vertices of P . Therefore, C ⊆ C(P ).
For every C in C and every y in V \ C , we determine whether the C(P )-convex hull HC(P )(C ∪ {y}) of C ∪ {y} belongs to
C. This can clearly be done in polynomial time.
Firstwe assume that there is some C inC and y inV\C such thatHC(P )(C ∪ {y}) is notC-convex. If there is somepair x′ and
z ′ of distinct vertices in HC(P )(C ∪ {y}) such that HC({x′, z ′}) ⊈ HC(P )(C ∪ {y}), thenP contains, by definition, an x′–y′–z ′-
path for some vertex y′ ∈ HC({x′, z ′}) \ HC(P )(C ∪ {y}), which implies the contradiction that HC(P )(C ∪ {y}) is not C(P )-
convex. Therefore, for every pair x′ and z ′ of distinct vertices in HC(P )(C ∪ {y}), we have HC({x′, z ′}) ⊆ HC(P )(C ∪ {y}). This
implies that (V ,C) does not satisfy (P1), which, by Theorem 3, implies that there is no set P of paths in Gwith C = C(P ).
Hence we may assume that for every C in C and every y in V \ C , the C(P )-convex hull of C ∪ {y} belongs to C.
Now we claim that C = C(P ). In view of C ⊆ C(P ), we may assume for contradiction that S ∈ C(P ) \ C. Let C be a
subset of S of maximum order that belongs to C. Since the empty set is in C, the set C is well defined. Since S ∉ C, there is
some y ∈ S \ C . By the above, the C(P )-convex hull of C ∪ {y} is a subset of S that is strictly larger than C and belongs to C.
This contradicts the choice of C , which completes the proof. 
As noted above, if for some convexity space (V ,C) and some graph G with vertex set V , there is a set P of paths of G with
C = C(P ), then for the complete graph KV with vertex set V there is a set P of paths of KV with C = C(P ). In view of this
simple observation, Theorem 5 immediately implies the following.
Corollary 6. There is a polynomial time algorithm which, given a convexity space (V ,C), decides the existence of a graph G with
vertex set V and a set P of paths of G with C = C(P ), and constructs G and P , if they exist.
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